We propose a method to investigate the conservation of brane charges at the intersection of two or more branes using the Thom classes of their normal bundles.
Introduction
One of the most remarkable properties of branes is that they can end or intersect with others [1, 2, 3, 4] . The arguments that lead us to believe that this is the case are either based on brane charge conservation [2, 5] or the analysis of the couplings of brane effective theories. In same cases, this can also be achieved by direct construction like in the case of fundamental strings which can end on D-branes (for a review see [6] ). All these arguments are of course related. The conservation of brane charge method has been tackled by Townsend using a deformation argument which is known as brane surgery [5] . This argument is based on the existence of Chern-Simons terms in supergravity theories, the use of their field equations and certain assumptions about the behaviour of the supergravity gauge potentials near the intersection of two or more branes. One of the advantages of brane surgery is that it applies for branes in a curved background. In the context of effective brane worldvolume theories, the brane intersections or boundaries are thought in a way similar to the interactions of particles in standard quantum field theory. So, the conservation of brane charges in this approach corresponds to the conservation of particle charges at the interactions vertices of the effective brane theory.
From the (worldvolume) perspective of the branes involved in an intersection or a boundary, the intersection or the boundary is described by a defect. This defect can be viewed as a soliton like object and its charge can be measured on each brane involved in the configuration [4] . One expects that the charges of the defects and the charges of the branes of the configuration are related amongst themselves.
To derive such relations, one first uses the fact that these defects have a brane interpretation so they are usually called worldvolume branes or brane worldvolume solitons. The brane surgery method of [5] then provides a relation amongst the charges of the defects and the charges of the branes of the configuration.
In this paper, we shall propose another way to describe the brane charge conservation at the intersection or boundary of two or more branes. Our construction is based on the Thom classes φ(E) of vector bundles E and their properties. In particular, we view p-branes as (p+1)-dimensional submanifolds B p in the spacetime M which asymptotically behave as their associated supergravity solutions.
Their charge is then computed by integrating an appropriate form field strength at a sphere at infinity. We shall see that this is the same as evaluating the Thom class φ(N (p) ) of the normal bundle N (p) of B p in the spacetime M; this has also been proposed by Witten in [7] . Next using the properties of Thom classes, if two branes B p and B q intersect on Z k = B p ∩ B q , (dimZ k = k + 1), we shall establish the relation
where Q (p) is the charge of the p-brane, Q (q) is the charge of the q-brane,
is the charge of the k-brane defect Z k on the p-brane and Q k֒→q is the charge of Z k on the q-brane. The charges Q (k֒→p) and Q (k֒→q) are associated with the Thom classes of the normal bundles of Z k in B p and B q , respectively. The above relation among the various charges has two implications the following:
(i) The charges of the k-brane defect as measured on the p-brane and on the qbrane are proportional to the number of q-branes and the number of p-branes involved in the configuration, respectively.
(ii) There is a relation between the units that one measures the charges of the defects with those of the p-and q-branes.
We shall explore the relation (1.1) amongst the charges for various boundaries and brane intersections in strings and M-theory. In particular, we shall find that the unit of the charge of the boundary of a fundamental string ending on a D-brane is proportional to the fundamental string tension. Similarly, the unit of the charge of a M-2-brane ending on a M-5-brane is proportional to the M-2-brane tension. We shall also find that in some cases the charges of the defects on intersecting branes are related to the Euler number of certain vector bundles. In addition, our method can be used to investigate charge conservation for intersections that involve three or more kinds of branes; we shall demonstrate this for a triple M-brane intersection. 
where Vol(S d−p−2 ) is the volume of the unit S d−p−2 sphere. Typically, the asymptotic behaviour of F in some angular coordinates in
as r → ∞, where r is the radius and the Hodge star is that on R d−p−1 .
An alternative way to compute the charge of a brane is to observe that
where δ is a (d − p − 1)-form with support at r = 0. So we can compute Q p by
There is a geometric way to view this calculation. For this let us identify the pbrane as a submanifold B p of the spacetime M. The normal bundle
So at the transverse spatial infinity,
which has support at the zero section of N (p) . In addition, the computation of charge of the p-brane above can be thought of as the integration of dF along a fibre
For every rank n vector bundle E over a manifold S, the Thom class
of E is a (smooth) n-form in φ(E) which has the following properties:
(i) The integration of φ(E) along any fiber of E gives one.
(ii) φ(E) has support very close to the zero section of E.
We shall not give the details of the construction of the Thom class φ(E) of E.
This is explained in [9] . The Thom class of the normal bundle N (p) of a submanifold
Now we shall take dF to be in the (cohomology) class of φ(N (p) ) of the normal bundle N (p) of the p-brane B p in the spacetime M. For this we appropriately ⋆ We assume that the manifolds and the vector bundles involved are oriented. (ii) The Thom class φ(N (p) ) need not satisfy the supergravity field equations.
Instead it is sufficient to assume that there is a representative in the class of φ(N (p) ) that obeys the supergravity field equations.
The latter point allows the computation of the charges at brane intersections to be independent from the details of the dynamics. In the remaining sections, we shall use the properties of the Thom classes to investigate the charges of worldvolume brane defects of intersecting branes.
Intersecting branes
The typical set up of an intersecting brane configuration is that of a p-brane, B p , and and a q-brane, B q , intersecting on a k-brane Z k = B p ∩ B q in a spacetime M. Now since the defect Z k has a brane interpretation as viewed from the worldvolume perspective of both the p-brane and the q-brane, we shall use the Thom classes of the normal bundles of Z k in B p and in B q to compute its charges. For this, let φ(N (p) ) and φ(N (q) ) be the Thom classes of the normal bundles N (p) and N (q) of the p-brane and the q-brane in the spacetime M, respectively. Far away from the q-brane, the charge Q p of the p-brane can be computed as in the previous section by integrating the Thom class φ(N (p) ) along a fibre of the normal bundle N (p) . Since this can be done at any point in B p , we can also evaluate the charge † One may wonder whether it is possible instead of the Thom class of N p that is associated with dF to use another class on N p that is associated with F for the computation of the charge everywhere on a p-brane. However, no such class exists for N p unless its Euler class vanishes [9] .
of the p-brane at a point in the intersection Z k . However at the intersection Z k of the p-brane with the q-brane, the normal bundle of the p-brane splits ‡ as
where 
In turn, this implies that
where Q (p+q) is interpreted as the charge of the "whole configuration" and Q (k֒→q)
is interpreted the charge of the k-brane worldvolume defect from the perspective of the q-brane. Repeating the same argument for the q-brane, we find that
where Q (k֒→p) is the charge of the k-brane worldvolume defect from the perspective of the p-brane. Eliminating Q (p+q) , we find
We have now derived the equation (1.1) of the introduction. The charge Q (p) can be written as
where µ (p) is the unit of charge of the p-brane and n p ∈ Z is the number of p-branes ‡ More precisely, we have
§ The fibre directions of this bundle are the overall transverse directions of an intersecting brane configuration in the terminology of [4] .
of the configuration. Similarly, we can write Q (q) = µ (q) n q for the q-brane. The equation (2.10) is valid for any number of p-and q-branes. This implies that
and The above computation can be easily extended to intersections that involve more than two kinds of branes. We shall not attempt to give the general analysis here. Instead, we shall find the relations amongst the charges associated with a triple M-brane intersection in an example below.
Intersections in String Theory
All the brane intersections in string theory can be derived from brane intersections in M-theory using S-and T-dualities. Nevertheless, some features of brane intersections can be better understood in the context of string theory. We shall be concerned with the class of intersections which involves two kinds of branes. Our intention is not to give a complete treatment of all possible brane intersections in string theory but it is rather limited to present some examples of the method.
From these it will become clear how one can investigate any brane intersection in this way.
Fundamental Strings Ending on D-branes
One of the most well studied boundaries is that of a fundamental string ending on a D-p-brane for p ≤ 6. Using (2.10) for p = p and q = 1, we find that
For p = 0, the Thom class of N (0֒→0) can be taken to be the zero form which implies that the charge Q (0֒→0) vanishes. The equation (3.1) remains consistent provided Q (0֒→1) = 0 and so one concludes that within this formalism fundamental strings cannot end on a D-0-brane in agreement with [5] . The equation (3.1) for p = 1 adapted for the units of charges reads
This is the case of a string junction [10] . It is natural to identify µ (0֒→1D) with the unit of charge of the Born-Infeld field of the D-string. To find the unit of this charge, we first note that the D-string tension † T (1D) in the presence of constant Born-Infeld field F = F 01 changes as
This follows from the Born-Infeld action of a D-string; a similar calculation has been done in [11] for α ′ = 1. On the other hand the tension of a state involving a ⋆ We shall add the subscripts N S and D with the obvious interpretation whenever it is necessary to avoid confusion. † We use the string frame relation T (p) = g a s µ (p) between the tension T (p) and the unit of charge µ (p) of a p-brane, where g s is the string coupling, a = 0 for fundamental string, a = −1 for D-p-branes and a = −2 for NS-5-branes. In the conventions of [13] ,
D-string and a NS-string is
From the above two equations at small string coupling, we find that
Substituting this into the equation (3.2), we get
So the defect on the fundamental string has unit charge proportional to its tension.
This may have been expected since the defect is a domain wall [12] .
For the rest of the cases, we remark that the units of charges of D-p-branes [6, 14, 13, 15] are related by the equation
Using this equation and (2.13) for p = p, q = 1 and k = 0, we find that
We proceed by observing that the right hand side of (3.2) is T-duality invariant provided that it is performed in directions orthogonal to the string. However, the left hand side changes according to the familiar T-duality rules for D-branes (for the T-duality rules of the defects see [16] ). Moreover, the fact that in all cases the defect on the fundamental string is a domain wall suggests that (3.5) is valid for 0 < p ≤ 6. Using these, we find that
. This expression for µ (0֒→p) can also be directly computed in a way similar to that for p = 1 above.
Three-Brane Solitons in type IIA
In type IIA, (i) two (non-parallel) NS-5-branes ⋆ and (ii) a NS-5-brane and a D-4-brane intersect on a three-brane soliton defect. We shall postpone the investigation of (i) as well as that of the associated via T-duality intersection in type IIB for later. This is because these intersections are similar to that of two M-5-branes intersecting on a three-brane. So all the details will follow from the investigation of this intersection in M-theory.
Applying (2.10) for the intersection of a NS-5-brane and a D-4-brane on a three-brane, we find
The unit of charge of the NS-5-brane and with that of D-4-brane are related [14, 15] by
Substituting this equation into (2.13) for p = 5, q = 4 and k = 3, we get 1 2π
If in addition we take µ (3֒→4) ∼ µ (4) , because the 3-brane defect is a domain wall
.
Two-Brane Solitons in type IIB
In type IIB, a D-3-brane intersects with a NS-5-brane on a 2-brane. Using ⋆ Cancellation of anomalies in the effective theory of NS-5-branes requires that the Euler number of the normal bundle of IIA NS-5-branes vanishes [7] .
(2.10) for this intersection, we find that
The unit of charge of IIB NS-5-brane and that of D-string are related [14, 15] as
Substituting this equation into (2.13) for p = 5, q = 3 and k = 2, we get 
The unit of charge of NS-5-brane and that of D-5-brane are related [14, 15] as
which upon substitution in (2.13) for p = 5, q = 5 and k = 2 leads to
where µ (−1D) is the unit of charge of IIB instanton.
M-Branes
The are two types of brane intersections [4, 17] in M-theory ⋆ . The first is that of a membrane ending on a M-5-brane with defect a (self-dual) string. The other is that two non-parallel M-5-branes intersecting on a 3-brane. The latter intersection is part of a more general intersection rule which states that two nonparallel p-branes intersect on a (p-2)-brane. There is a large number of triple M-brane intersections. Here we shall not do a systematic investigation of triple intersections. Instead, we shall examine the case of two (non-parallel) membranes ending on a M-5-brane.
Membranes ending on M-5-branes
The defect on a M-2-brane ending on a M-5-brane is a string. This defect from the perspective of the M-5-brane is the self-dual string while from the perspective of the M-2-brane is a boundary. Applying (2.10) in this case for p = 5, q = 2 and k = 1, we find
Using the relation µ (5) = 1 2π (µ (2) ) 2 of the unit of charge of the M-5-brane † and that of M-2-brane [14, 15] , we can rewrite (2.13) adopted to this case as
Therefore, the unit of charge µ (1֒→2) of the defect on the M-2-brane is proportional to the unit of charge charge of the M-2-brane as it is expected for a domain wall.
We remark that in this method the charge of the string defect on the M-5-brane is not naturally associated with a self-dual three-form as it may have been expected.
However since the value of the charge depends only the cohomology class of the form field strengths, there may be a self-dual representative of this class.
⋆ In fact there is a third non-standard type of string intersection that of two M-5-branes intersecting at a string [18] . † The tension of M-branes in the conventions of [13] is T (2) = µ (2) = 2πm 
The 3-brane worldvolume soliton
The relation (2.10) of the various charges in the case of two non-parallel M-5-brane intersecting on a 3-brane defect is
where Q (5) and Q ′ (5) are the charges of the two 5-branes and Q (3֒→5) and Q ′ (3֒→5) = Q (3֒→5 ′ ) are the charges of the 3-brane defects, respectively.
To explore further the intersection of two M-5-branes on a 3-brane defect let us we assume that Q (5) = Q ′ (5) and that the normal bundle N (5) of B 5 can be written as
where E is a rank two bundle and H is its compliment in N (5) . Then the intersection We define
In such configuration the normal bundles of the M-branes involved in the intersection split as follows:
In addition we have
The first two of above three decompositions can be understood by viewing the strings Z 1 and Z 1 ′ as branes within the M-5-brane. The above decompositions of the normal bundles lead to the following relations amongst the brane charges:
(4.9)
Using the above relations, we find
which leads to
This relates the charges of the defect as measured on membranes and M-5-brane with the charges of membranes and M-5-brane involved in the configuration. The above computation can be easily extended to many other triple brane intersections.
Concluding Remarks
We have proposed a method to investigate charge conservation at the intersection of two or more branes based on Thom classes. We have found that this has led to a relation between the charges of the branes involved in the intersection and those of the associated worldvolume defects. We have then explored these relations for various brane intersections in strings and M-theory.
Some brane intersections preserve a proportion of spacetime supersymmetry.
This can be incorporated in our brane surgery construction by imposing additional restrictions on the spacetime and the submanifolds associated with the various branes. For example, one can introduce a supersymmetry projection operator at every point in the submanifold associated with a brane in a way similar to that of [19] and then ask whether there are killing spinors that satisfy all these projections.
However as we have seen brane charge conservation can be investigated without the additional restriction of supersymmetry It is natural to ask whether there are solutions in the literature that satisfy all the requirements necessary to establish the above relations amongst the charges of the branes and those of the defects. This is related to the question of localization of the brane intersection solutions. It has been observed in the beginning of construction of supergravity solutions with the interpretation as brane intersections [4, 20] that they are smeared along their relative transverse directions and that their asymptotic behaviour does not have the desired power decay law with respect to some radial coordinate. The latter leads to problems for calculating the charges at infinity of the associated branes. Thus such intersections are geometrical and there is no defect on either brane involved in the intersection. Subsequent improvements in the solutions by adding different harmonic functions for each intersecting brane [17] have not resolve the problem. More recently solutions [21, 22, 23, 24] have been found using the so called generalized harmonic function equations first proposed in [25] . Such solutions exhibit a partial localization at the intersection. 
